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Abstract

For risk capital calculation within the framework of Solvency II the
possible loss of basic own funds over the next business year of an in-
surance undertaking is usually interpreted as a random variable X. If
we assume that the parametric distribution family

{
X(θ)|θ ∈ I ⊆ Rd

}
is known, but the parameter θ is unknown and has to be estimated
from the available historical data, the undertaking faces parameter
uncertainty. The parameter uncertainty has already been considered
by several authors, see e.g. [2, 3, 6, 7, 11, 16].
To assess methods to model parameter uncertainty for risk capital cal-
culations we apply a criterion going back to the theory of predictive
inference which has already been used in the context of Solvency II. In
particular, we show that the bootstrapping approach is not appropri-
ate to model parameter uncertainty from the undertaking’s perspec-
tive.
Based on ideas closely related to the concept of fiducial inference we
introduce a new approach to model parameter uncertainty. For a wide
class of distributions and for common estimators including the max-
imum likelihood method we prove that this approach is appropriate
to model parameter uncertainty according to the criterion mentioned
above.
Several examples demonstrate that our method can easily be applied
in practice.
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feisenplatz 1, 65189 Wiesbaden, Germany, Annegret Weng, Hochschule für Technik
Schellingstr. 24 70174 Stuttgart, Germany
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1 Introduction

The three-pillar project Solvency II pursued by the EU aims to harmonize
insurance regulation. The first pillar requires an insurance undertaking to
quantify its individual risks.
Solvency II defines the solvency risk capital requirement as the Value-at-Risk
of basic own funds of the undertaking subject to a confidence level of 99.5%
over a one-year period (cf. Article 101 of [18]). If we interpret the risk, i.e.
the possible loss of basic own funds over the next business year, as a random
variable X, this requirement asks the undertaking to determine the 99.5%-
quantile of X.
Note that, in practice, not only the future realization of X but also the true
distribution of X is unknown to the undertaking. In particular, the true
99.5%-quantile of X is not known. Therefore, in practice, the undertaking
can only estimate its solvency risk capital requirement.

In this contribution we assume that the insurer sets up an internal model
and estimates the model parameters using the available historical data. If we
take the randomness of the historical observations into account, we view the
solvency risk capital requirement SCR determined by the internal model as
a random variable.
Thus there are two random variables, i.e. two sources of uncertainty:

• the random variable X and

• the modelled solvency risk capital requirement SCR whose randomness
is caused by the randomness of the historical observations used for the
calibration of the model.

Hence we interpret the solvency risk capital requirement as follows:

Definition 1.1. The required solvency risk capital SCR should be modelled
in such a way that the losses X of the undertaking within the next business
year will not exceed the SCR with a probability of 99.5% - taking into
consideration the randomness of both X and SCR.

In the discussion above we think of X as the overall loss of the undertaking.
However, all our arguments and the method described in this contribution
can also be applied to a single risk factor or subrisk of the internal model for
which the term “risk capital” might be meaningless (like the loss ratio, the
severity of single losses or a chain ladder development factor in reserve risk
etc.), if we just substitute the term “SCR” by “99.5%-quantile”.

2



Note that the idea to consider the SCR as a random variable and to re-
quire that this random variable covers the losses with a probability of 99.5%
is not new and goes back to the theory of predictive inference ([1], Chapter 10
in [19], [15] and [4]). Gerrard and Tsanakas [11] have applied this approach
to parameter uncertainty for VaR-based solvency capital calculations. We
discuss their results later in the paper.
In this contribution we concentrate on parameter uncertainty and ignore
model uncertainty. That means, we assume that the parametric distribution
family {X(θ)|θ ∈ I ⊂ Rd} of X is known, in other words we can write
X = X(θ0) with the true, but unknown parameter (vector) θ0. Throughout
the paper we denote the parameter of the parametric distribution family by
θ and the estimate of the unknown true parameter based on historical data
by θ̂.

For simplicity, we assume that the cumulative distribution function FX(θ) is
invertible and that the α-quantile ofX(θ) is given by the expression F−1X(θ)(α).
Without the consideration of parameter uncertainty, the practitioner is used
to model the risk capital as the 99.5%-quantile of the random fluctuation
(process risk) based on the estimate θ̂. Of course, for a fixed estimate θ̂
this risk capital is a real number and not a random variable. However, the
randomness of the historical sample to estimate the parameter induces a
random deviation of the estimate θ̂ from the true parameter θ0. In this
sense F−1

X(θ̂)
(0.995) should be viewed as a random variable. If the true risk is

underestimated, i.e. if F−1
X(θ̂)

(0.995) < F−1X(θ0)
(0.995), the calculated risk cap-

ital F−1
X(θ̂)

(0.995) will not guarantee solvency with the required probability of

99.5%. Therefore, the potential underestimation of the risk capital induces
an additional risk reducing the probability of solvency of the undertaking.
This motivates the question: What is the probability of solvency if we take
the potential under-/overestimation of the true risk into account?
This question has already been raised in [11], where the authors showed
that the probability of insolvency can be substantially higher than 0.5% if
the undertaking calculates its solvency risk capital without taking parameter
uncertainty into account. As a consequence, the confidence level of 99.5%
required by Solvency II can only be achieved by a risk capital reflecting the
parameter uncertainty. Furthermore, there is an argument already mentioned
in [11] that backtesting can not reveal the required confidence level without
taking parameter uncertainty into account (see Section 3.1, Remark 3.1).
Note that an undertaking managed on the basis of an underestimated risk
capital faces an increased risk of insolvency: An overestimated value of the
solvency coverage ratio may lead to wrong management decisions (e.g. con-
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cerning the distribution of dividend payments). Furthermore, depending on
the parameter uncertainty related to the respective subrisks, the capital al-
location might be misleading. This yields a true economic risk.

The importance of the consideration of parameter risk has already been
pointed out by many authors. There are two main lines for modelling pa-
rameter uncertainty recommended in the literature:

1. The approach most commonly considered in the existing literature
models the underlying loss distribution as a predictive distribution,
i.e. a mixture distribution of the loss distribution over a parameter
space. It considers the parameter as a random variable, and deter-
mines the risk capital as the 99,5% of this predictive distribution (see
e.g. [2, 3, 6, 7, 8, 11, 16]). The existing literature proposes two ap-
proaches to determine the parameter distribution: the bootstrapping
approach (see Section 3.2) and the Bayesian approach (see Section 3.3).

2. Another approach uses only the process distribution as the underly-
ing loss distribution, but takes parameter uncertainty into account by
modifying the risk measure. This is achieved in [11] by raising the
confidence level. In [2] the calculation of a capital add-on in terms of
“residual estimation risk” is suggested. We discuss these approaches in
Section 3.4.

In our contribution we concentrate on the first approach and consider a pre-
dictive distribution. We distinguish two different points of view:

1. The true parameter is assumed to be fixed but unknown and its esti-
mate is assumed to be random. We call this point of view the “theo-
retical perspective”.

2. The estimate is fixed (since there is only one observed sample) but the
true parameter is assumed to be random. We call this point of view
the “undertaking’s perspective”.

For example, the Bayesian approach models the undertaking’s perspective.
The bootstrapping approach approximates the distribution of the estimate θ̂
and corresponds to the “theoretical perspective”.
Note that the uncertainty of the undertaking about its future economic losses
over the next business year can be characterized as follows:

a) The true risk X(θ) of the undertaking according to the next business
year does not depend on the estimate θ̂.
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b) At the beginning of the business year the historical data have already
been observed and are, therefore, fixed realizations of the corresponding
random variables. Thus the estimate θ̂ is a fixed value and not a random
variable.

c) There is uncertainty about the true parameter θ.

d) The undertaking has no knowledge about a prior distribution on θ, i.e.
a distribution on θ without taking the observed data into account.

By a) and b) the theoretical perspective is not directly applicable: A predic-
tive distribution with a parameter distribution of the estimate θ̂ would not
model the economic risk of the undertaking.
The combination of a) and c) shows that the “undertaking’s perspective” is
the economically relevant perspective in the sense that the uncertainty about
the true parameter θ increases the risk of high potential losses. As an ex-
ample, assume for simplicity that θ is a real number and the risk of high
potential losses is increasing in θ. If θ̂ ≈ θ, the modelled risk would be a
good approximation of the true risk. But the uncertainty about θ yields the
additional risk that θ � θ̂ , i.e. an additional risk of high losses in the next
business year. This shows that the parameter risk is an economically relevant
risk for the next business year, although the historical sample and thus the
estimate are known - and, therefore, fixed - realizations at the beginning of
the business year. Hence the undertaking’s perspective is the economically
relevant perspective referring to potential true losses in the next business
year.
Therefore, the aim of this contribution is to model the parameter risk from
the undertaking’s perspective respecting the requirements a)-d) above.
The above arguments lead to the following definition:

Definition 1.2. The parameter risk from the undertaking’s perspective
refers to the uncertainty about the true parameter θ0 given the fixed sample
(d1, . . . , dn) resp. the estimate θ̂ of the true parameter θ0 gained from the
sample.

Hence from the undertaking’s perspective the true parameter appears to be
random.
After formalizing Definition 1.1 in Section 2 and summarizing results of [11]
concerning the risk capital calculation without taking parameter uncertainity
into account in Subsection 3.1 we show in Subsection 3.2 that the bootstrap-
ping approach is not an appropriate method to model parameter uncertainty,
since it does not guarantee a sufficient level of solvency. In Subsections 3.3
and 3.4 we discuss the results by Gerrard and Tsanakas [11] on the Bayesian
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approach and their additional idea to raise the confidence level for the risk
capital calculation to reflect the parameter uncertainty. Subsection 3.4 also
covers the idea of Bignozzi and Tsanakas [2] of calculating a capital add-on
in terms of the residual risk.
In Section 4 we introduce a new method closely related to Fisher’s concept
of fiducial inference (cf. [9]) taking all requirements a)-d) into account. By a
slight modification of Fisher’s “one-parameter concept” of fiducial inference
we deduce a generalization to the multi-parameter case. Using the wording
introduced above: Our method yields a transformation from the theoretical
perspective into the economically relevant perspective from the undertaking.
This change of perspective is achieved in a straight forward way: Roughly
spoken, the idea is to express the estimate θ̂ by the true parameter θ and
then to solve this equation for θ.
Despite the theoretical criticism on fiducial inference (see [10, 20]) we show
that our method works well in the context of parameter uncertainty for risk
capital calculation: For a wide class of distributions and for common esti-
mators including the maximum likelihood method, we show that the method
introduced in Section 4.3 is appropriate to model parameter uncertainty in
the sense of Definition 1.1 and 1.2 (and their formalization given in Section
2, Definition 2.4).
In particular, we do not need any additional assumptions, which can not
be observed in practice (like e.g. the assumption of a prior distribution, cf.
Condition d) above).
For transformed location-scale families we derive explicit formulas for the
parameter distribution, which guarantee that our method is easy to apply,
well performing and compatible with models based on Monte Carlo simula-
tion. Note that transformed location-scale families cover many distributions
relevant in practice like the normal/lognormal, the exponential/Pareto, the
Gumbel or the logistic distributions.

Notation 1. Random variables are printed in bold.
Throughout the article let ζ resp. ξ be independent, on [0; 1]n resp. on [0; 1]
uniformly distributed random variables. By ζ resp. ξ we denote fixed real-
izations of these random variables.
Let I ⊆ Rd be a set of parameters and let {X(θ)|θ ∈ I ⊆ Rd} and {FX(θ)|θ ∈
I ⊆ Rd} be the corresponding set of random variables resp. the set of cor-
responding distribution functions. For the sake of a clear and comprehen-
sive presentation of our ideas and to avoid technical difficulties we assume
throughout this paper that the distribution of X is continuous and that the
inverse F−1X(θ) of the cumulative distribution function of X exists. We set

X(ξ, θ) := F−1X(θ)(ξ) and use X(ξ, θ) to denote the random variable X(θ).
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Analogously we write the data vector in the formD = D(θ) = D(ζ, θ) where
ζ is uniformly distributed on [0; 1]n: According the Theorem of Sklar [17]
there exists an n-dimensional copula C with FD(d1, . . . , dn) = C(FD1(d1), . . . , FDn(dn))
with the marginal distribution functions FDi

= FDi(θ), i = 1, . . . , n. Let
ζ = (ζ1, . . . , ζn) ∈ [0; 1]n be an uniformly distributed random vector whose
distribution function is equal to C. We define D : [0, 1]n × I → Rn by

D(ζ, θ) :=
(
F−1D1

(ζ1), . . . , F
−1
Dn

(ζn)
)
.

In fact we have

FD(ζ,θ)(d1, . . . , dn) = P (F−1D1
(ζ1) ≤ d1, . . . , F

−1
Dn

(ζn) ≤ dn)

= P (ζ1 ≤ FD1(d1), . . . , ζn ≤ FDn(dn))

= C(FD1(d1), . . . , FDn(dn)) = FD(d1, . . . , dn).

If the random historical data is given by D = D(ζ, θ) and X = X(ξ, θ) is
the true risk, we assume that ζ and ξ are independent.

2 The modelled risk capital

Let X be the random variable with distribution function FX describing the
true risk for the next business year. We assume that the parametric familiy
{X(θ)|θ ∈ I ⊆ Rd} of X resp. the parametric class of distribution functions
{FX(θ)|θ ∈ I ⊆ Rd} of FX are known. Let θ0 ∈ I ⊆ Rd be the unknown
true parameter corresponding to the true risk X, i.e. X = X(θ0) and
FX = FX(θ0).
We assume that the historical data is a sample (d1, . . . , dn) drawn from the
random variable D = (D1, . . . ,Dn) whose distribution function FD = FD(θ)

is known except for the true, but unknown parameter θ0 ∈ I ⊆ Rd. More pre-
cisely, the marginal distribution function of Di belongs to the set {FDi(θ)|θ ∈
I ⊆ Rd} for i = 1, . . . , n, and the n-dimensional copula representing the
dependencies between the Di is known.

Remark 2.1. (Special case) The previous paragraph describes the most gen-
eral setting. In most discussions on parameter uncertainty the authors re-
strict to the important, but special case Di = X i where X i are independent
variables with X i ∼ X for i = 1, . . . , n and (X1, . . . ,Xn) is independent of
X.
However, in general, the data used to estimate the parameters of the model
is given on a more granular level than the modelled risk. In particular, the
special case Di = X i does not cover the situation where X is the overall
loss of the undertaking.
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For a given set of data (d1, . . . , dn) we assume that the undertaking takes
parameter uncertainty into account by modelling its risk as a predictive dis-
tribution (cf. [13], Section 15). This means that the undertaking models its
risk by the following steps:

1. Parameter distribution: Using some method M generate a probability
distribution P = P(d1, . . . , dn;M) for the parameter θsim depending
on the sample (d1, . . . , dn).

2. Modelled risk: Set Y := X(ξ,θsim) (cf. Notation 1) where ξ is an
uniformly distributed random variable on [0; 1] and independent of θsim.

Note that the random variable Y depends on the sample (d1, . . . , dn) and the
method M resp. the probability distribution P . In practice, the procedure
above will be performed using a Monte Carlo simulation method.

Definition 2.2. The random variable Y given by the two step procedure
described above is called the modelled risk. It depends on the method M
and the sample (d1, . . . , dn). We call

SCR(α; d1, . . . , dn;M) := F−1Y (α)

the modelled risk capital required with confidence level α.

Example 2.3. Note that θsim ≡ θ̂ in case the undertaking does not model its
parameter risk. A non-trivial example for the method M is non-parametric
bootstrapping (see Subsection 3.2).

Note that the modelled risk capital SCR := SCR(α;D1, . . . ,Dn;M) is
itself a random variable whose distribution depends on the distribution of
the historical data D. We reformulate Definition 1.1 as follows:

Definition 2.4. The method M resp. the probability distribution P are
called appropriate for the confidence level α if

P (X ≤ SCR(α;D1, . . . ,Dn;M)) = α. (1)

The method M resp. the probability distribution P are called appropriate
if they are appropriate for all α with 0 < α < 1.

As pointed out in the introduction, the criterion (1) has already been used
by several authors. For an application in the specific context of VaR-based
solvency capital calculation see Equation (1) in [11].
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3 Previous approaches

Existing literature recommends to approach the measurement of parameter
uncertainty either by bootstrapping (see e.g. [6, 7, 14, 16]), by the Bayesian
approach (see e.g. [3, 6, 7, 11, 16]), by the raise of confidence level [11] or by
a capital add-on (residual risk) [2]. Before proceeding by a discussion of these
ideas we summarize results of [11] demonstrating that parameter uncertainty
cannot be neglected.
In Subsections 3.1 and 3.2 we consider the special case where the data points
are independent historical observations of X, i.e. Di := X i ∼ X for i =
1, . . . , n, and (X1, . . . ,Xn) is independent of X.

3.1 Ignoring the parameter uncertainty

Setting θsim ≡ θ̂ does not yield an appropriate probability distribution:
LThe following table compares α with P (X ≤ SCR(α;X1, . . . ,Xn;M)) for
different confidence levels α and different n where M is the maximum likeli-
hood method for parameter estimation andX is either a lognormal or normal
distribution or the one-parameter Pareto distribution with shape parameter
θ. In these cases it can be shown that P (X ≤ SCR(α;X1, . . . ,Xn;M))
does not depend on the parameter ([11], Section 2.1).

For α = 99% and α = 99.5% the probabilities P (X ≤ SCR(α;X1, . . . ,Xn;M))
stated below can be deduced from Table 1 in [11]. We added results for lower
quantiles to allow for the comparison with the bootstrapping approach in
Section 3.2.
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Confidence level α

n Distribution 90% 95% 99.0% 99.5%

n = 10 Normal/Lognormal Distribution 86.2% 91.5% 96.8% 97.8%

Pareto Distribution 87.4% 92.7% 97.7% 98.6%

n = 20 Normal/Lognormal Distribution 88.1% 93.3% 98.0% 98.8%

Pareto Distribution 88.7% 93.9% 98.4% 99.1%

n = 50 Normal/Lognormal Distribution 89.2% 94.3% 98.7% 99.2%

Pareto Distribution 89.5% 94.5% 98.8% 99.4%

n = 100 Normal/Lognormal Distribution 89.6% 94.7% 98.8% 99.4%

Pareto Distribution 89.7% 94.8% 98.9% 99.4%

Table 1: P (X ≤ SCR(α;X1, . . . ,Xn;M)) without the consideration of pa-
rameter risk, i.e. θsim ≡ θ̂ for different α and different n (cf. Table 1 in [11]
for similar probabilities)

Note that P (X ≤ SCR(α;X1, . . . ,Xn;M)) < α for every α and every
n. Hence θsim ≡ θ̂ is not appropriate in the sense of Definition 2.4. In
particular, for α = 99.5% and small sample size n the failure probability
1−P (X ≤ SCR(α;X1, . . . ,Xn;M)) is substantially higher than 0.5%. For
example, for n = 10 the probability that the risk capital does not cover the
losses is 2.2% resp. 1.4% for the lognormal resp. the Pareto distribution
instead of 0.5% as required by Solvency II.
As mentioned in [11], the shape and the heaviness of the tail of the distribu-
tion does not influence the solvency probability in an obvious way.

Remark 3.1. (Backtesting) For another interpretation of the results consider
a backtesting scenario (cf. [11], p. 731 or [4, 15]). Let us assume that we
have observed N realizations for the data and the random variable X given
by (X

(i)
1 , . . . , X

(i)
n ;X(i)), 1 ≤ i ≤ N . For each set of data (X

(i)
1 , . . . , X

(i)
n ) we

calculate a risk capital SCR(α;X
(i)
1 , . . . , X

(i)
n ;M) and compare it with X(i).

For large N the probability P (X ≤ SCR(α;X1, . . . ,Xn;M)) represents the

fraction of scenarios for which the risk capital SCR(α;X
(i)
1 , . . . , X

(i)
n ;M) cov-

ers the loss X(i). Note that the approach for generating the results in Table
1 is equivalent to a simulation of backtesting histories, i.e Table 1 repre-
sents the fraction of scenarios for which the calculated risk capital covers the
losses. Recall that Article 101 of the EU framework directive for Solvency
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II [18] requires the undertaking to hold a risk capital that the undertaking
survives in 99.5% of all cases. As the results in Table 1 show, in general,
this requirement is not met by a risk capital calculation ignoring parameter
uncertainty.

3.2 The bootstrapping approach

Bootstrapping allows to approximate the probability distribution or - in other
words - the uncertainty of the random estimate θ̂ = θ̂(X1, . . . ,Xn) (cf.
[6, 7, 8, 14, 16]). Recall the notion introduced in the introduction: It is
important to note that the bootstrapping approach does not correspond to
the undertaking’s perspective, since it models a distribution of the estimate
rather than the uncertainty of the undertaking about the true parameter
given a fixed estimate θ̂.
Let X = X(θ0) be the true risk with fixed, but unknown parameter θ0. We
distinguish between the parametric and the non-parametric version of the
bootstrapping algorithm. The non-parametric version (as recommended
in [6, 16]) given a sample x1, . . . , xn drawn from X1, . . . ,Xn can be defined
by the following two step procedure:

1. Draw a sample x∗1, . . . , x
∗
n of size n from x1, . . . , xn where the x∗i need

not be pairwise distinct.

2. For each sample we determine a simulated parameter θ∗ using an esti-
mation method (e.g. maximum likelihood estimation) and draw from
X̃ = X(θ∗).

The iterative combination of step 1 and 2 defines a random variable Y =
X(ξ,θ∗) which depends on the fixed sample x1, . . . , xn. For the parametric
version we replace the first step by:

1.′ Given an estimate θ̂ = θ̂(x1, . . . , xn) we draw a random sample x∗1, . . . , x
∗
n

from X̂ = X(θ̂).

According to Definition 2.2 we calculate SCR(α;x1, .., xn;M) as the α-quantile
of the distribution of Y generated by a Monte Carlo simulation. More pre-
cisely, we set SCR(α;x1, . . . , xn;M) equal to the b(1 − α) · Nc-th largest
value of Y where N is the number of scenarios. As opposed to this, with-
out modelling parameter risk SCR(α;x1, . . . , xn;M) is calculated as the α-
quantile of the distribution of X(θ̂) generated by Monte Carlo simulation
where θ̂ = θ̂(x1, . . . , xn) is estimated from the sample x1, . . . , xn.
The bootstrapping method measures the uncertainty of the estimated param-
eter. As pointed out above, it does not answer the question, how to determine
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the parameter uncertainty from the undertaking’s perspective given the es-
timate θ̂.
These qualitative objections can be supported by quantitative results: In the
sequel, we consider the random sample X1, . . . ,Xn of historical data and
examine whether the bootstrapping approach defines an appropriate proba-
bility distribution in the sense of Definition 2.4 or if it is at least conservative
for the estimate of the α-quantile meaning that

P (X ≤ SCR(α;X1, . . . ,Xn;M)) ≥ α. (2)

Thus for a given confidence level α we are interested in the probability

P (X ≤ SCR(α;X1, . . . ,Xn;M)) . (3)

As an example we consider an undertaking with two different lines of non-life
insurance business. We assume that X describes the combined ratio (loss
and expense ratio) of the respective line of business. For the sake of simplicity
we suppress the subscript of X indicating the line of business. Note that in
practice, mean and standard deviation of the combined ratio depend on the
line of business and on the size of the portfolio.

1. For the first line of business the random variable X is lognormally
distributed. The undertaking does not know the parameters of the
distribution and estimates them using the maximum likelihood method.

2. The second line of business consists of heavy tail risks. We assume
that X follows a Pareto Type II distribution with distribution function
F (x) = 1 − (1 + x)−(θ0+1). The undertaking estimates the parameter
θ0 by the maximum likelihood method.

Since the normal/lognormal distribution and the Pareto distribution are ex-
amples of transformed location-scale families it follows from Corollary ?? in
Appendix B that P (X ≤ SCR(α;X1, . . . ,Xn;M)) is independent of the
true parameter θ.
For the non-parametric bootstrapping we get the following results for the
probability P (X ≤ SCR(α;X1, . . . ,Xn;M)) by using a Monte Carlo sim-
ulation technique with 10.000 simulations for the sample X1, . . . ,Xn and
10.000 simulations for SCR(α;X1, . . . ,Xn;M) given X1, . . . ,Xn for differ-
ent level of confidence α and different n:
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Confidence level α

n Distribution 90% 95% 99.0% 99.5%

n = 10 Normal/Lognormal Distribution 85.7% 91.5% 97.1% 98.1%

Pareto Distribution 87.8% 93.4% 98.3% 99.1%

n = 20 Normal/Lognormal Distribution 87.8% 93.3% 98.2% 99.0%

Pareto Distribution 88.8% 94.2% 98.7% 99.3%

n = 50 Normal/Lognormal Distribution 89.2% 94.3% 98.7% 99.3%

Pareto Distribution 89.5% 94.7% 98.9% 99.4%

n = 100 Normal/Lognormal Distribution 89.6% 94.6% 98.9% 99.4%

Pareto Distribution 89.8% 94.9% 98.9% 99.46%

Table 2: P (X ≤ SCR(α;X1, . . . ,Xn;M)) with non-parametric bootstrap-
ping

The next table displays the results for parametric bootstrapping (again us-
ing a Monte Carlo simulation technique with 10.000 simulations for the
sample X1, . . . ,Xn and 10.000 simulations for SCR(α;X1, . . . ,Xn) given
X1, . . . ,Xn):

Confidence level α

n Distribution 90% 95% 99.0% 99.5%

n = 10 Normal/Lognormal Distribution 85.6% 91.4% 97.2% 98.3%

Pareto Distribution 87.8% 93.5% 98.5% 99.1%

n = 20 Normal/Lognormal Distribution 87.8% 93.2% 98.3% 99.0%

Pareto Distribution 88.9% 94.3% 98.7% 99.4%

n = 50 Normal/Lognormal Distribution 89.2% 94.3% 98.7% 99.3%

Pareto Distribution 89.6 94.7% 98.8% 99.4%

n = 100 Normal/Lognormal Distribution 89.6% 94.7% 98.9% 99.4%

Pareto Distribution 89.8% 94.8% 98.9% 99.4%

Table 3: P (X ≤ SCR(α;X1, . . . ,Xn;M))) with parametric bootstrapping
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Note that in both cases (for non-parametric and parametric bootstrapping)
the probability P (X ≤ SCR(α;X1, . . . ,Xn;M)) < α for every α and every
n. The examples show that the risk capital obtained using the bootstrapping
approach is not sufficient to cover the losses with the required probability of
at least α. For example, for n = 10 and the quantile α = 99.5% rele-
vant for Solvency II the failure probability that the risk capital does not
cover the losses is 1.9% (resp. 1.7%) for the lognormal distribution using
non-parametric resp. parametric bootstrapping. Bootstrapping is neither an
appropriate probability distribution in the sense of Definition 2.4 nor is it
conservative in the sense of (2).
For low quantiles and the lognormal distribution bootstrapping is even worse
than the method without the consideration of parameter uncertainty. For
higher quantiles bootstrapping increases the probability P (X ≤ SCR(α;X1, . . . ,Xn;M))
but in a non-systematic way not leading to the desired value α.

Remark 3.2. A reasonable guess would be to assume that the difference be-
tween P (X ≤ SCR(α;X1, . . . ,Xn;M)) and α increases with the standard
deviation or the heaviness of the tail of the distribution. However, since the
solvency probability P (X ≤ SCR(α;X1, . . . ,Xn;M)) does not depend on
the parameter (see Appendix B), the results do not depend on the standard
deviation for the normal/lognormal distribution or the heaviness of the tail
of the distribution. Although Pareto distributions have an heavier tail than
normal distributions, the failure probability is smaller. Hence, there seems
to be no direct link between the heaviness of the tail of the distribution and
the difference between P (X ≤ SCR(α;X1, . . . ,Xn;M)) and α.

3.3 The Bayesian approach

Another approach to model parameter uncertainty recommended in the lit-
erature [3, 6, 7, 11, 16] is based on Bayesian theory. The Bayesian approach
assumes that the unknown true parameter is the realization of a random vari-
able θ with a prior distribution π(θ). In this setting, Bayes’ theorem (cf. [13],
Theorem 15.8.) allows to determine the predictive distribution, that is, the
distribution for a new observation y given a known sample x = (x1, . . . , xn).
For more details on the Bayesian method see [13], Section 15 and [19], Sec-
tion 3.
Notice that the application of the Bayesian approach within a Monte Carlo
based internal model usually demands rather sophisticated mathematical
methods resp. integration of special software (cf. [13], Section 15.4).
The a priori distribution required by the Bayesian approach can not be ob-
served in practice (recall d) on p. 4). However, in [11] the authors proved
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that for distributions belonging to a transformed location-scale family (for
the definition of a transformed location-scale family see Definition A.3) to-
gether with the maximum likelihood method for parameter estimation and
for the “non-informative prior” π(µ, σ) = σ−1

P (X ≤ SCR(α;D1, . . . ,Dn;M)) = α,

i.e. the obtained parameter distribution is appropriate in the sense of Defi-
nition 2.4 (see [11], Example 9 and Proposition 2 in the Appendix A.3).

3.4 Adjusting the risk capital

Gerrard and Tsanakas propose a further method based on the raise of the
confidence level to reflect the parameter uncertainty ([11], Section 3.1).
In our opinion, this method has some drawbacks: Although parameter risk
an an economic risk like the risk of random fluctuation, the method of rais-
ing the confidence level does not yield a probability distribution of the full
risk (including parameter uncertainty). This means a loss of information.
Futhermore, it is not clear how to apply the method to models based on
Monte Carlo simulation where the subrisks are aggregated scenario wise to
an overall risk.
Similar reservations can be expressed concerning the approach suggested in
[2] to increase the risk capital by a capital add-on reflecting the residual risk
due to parameter uncertainty.

4 An approach based on Fisher’s fiducial in-

ference

4.1 Change of perspective

Recall the meaning of the terms “theoretical perspective” and “undertaking’s
perspective” from the introduction. As already pointed out, the undertak-
ing’s perspective is the economically relevant perspective, since the uncer-
tainty about the true parameter refers to the real risk of potential true losses
of the undertaking. In contrast, the randomness of the estimate θ̂ in the
theoretical perspective does not directly affect the potential real losses of the
undertaking, since the true risk of the undertaking does not depend on θ̂.
Hence our goal is the measurement of the parameter uncertainty from the
undertaking’s perspective taking into account the requirements a)-d) men-
tioned in the introduction on p. 4.
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To achieve this goal our idea is to transform the theoretical perspective into
the undertaking’s perspective. More precisely, we would like to deduce a
probability distribution for the true parameter conditional on the observed
estimate θ̂0 using the dependency of the distribution of the estimate θ̂ on the
true parameter θ without the need for an a priori distribution.
In the figure below the picture on the left hand side illustrates the “theo-
retical perspective”: The true parameter is fixed but, if we draw N different
samples, we get different estimates θ̂1, . . . , θ̂N based on the respective sample.
The picture on the right hand side represents the undertaking’s perspective,
where θ̂0 is estimated from the fixed observed historical data. There is uncer-
tainty about the true parameter illustrated by different possible values, say
θ1, . . . , θN , of the true parameter:

Figure 1: Can one perspective be transformed into the other?

In the sequel we denote the true parameter by θ (not θ0), since from the un-
dertaking’s perspective θ is not known and, therefore, appears to be random.

4.2 Fiducial inference

In the sequel we show that Fisher’s fiducial argument ([9], for a short in-
troduction see [10], more details can be found in [20]) yields a concept how
to perform the change of perspective described in Section 4.1, without any
further assumptions as e.g. the Bayesian assumption of a prior distribution.
We give a simple standard example illustrating Fisher’s concept of fiducial in-
ference: Let the riskX as well as the independent observations (X1, . . . ,Xn)
be N(µ; 1)-distributed. The estimated parameter µ̂ = X is N(µ; 1/n)-
distributed and Z = µ̂−µ is N(0; 1/n)-distributed, that is, in this theoretical
perspective µ̂ is random but µ is fixed. The change into the undertaking’s
perspective is achieved by solving the equation with respect to µ = µ̂ − Z:
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Inserting the observed estimate µ̂ and keeping in mind that Z is N(0; 1)-
distributed implies a distribution for the unknown true parameter µ, i.e.,
given µ̂, it follows that µ is N(µ̂; 1)-distributed from the undertaking’s per-
spective.

In general, let Z = G(θ̂; θ) be a pivotal quantity, i.e. the distribution of
Z is independent of θ. Then we get the fiducial distribution of θ given an
observed estimate θ̂0 by solving the equation Z = G(θ̂0;θ) for θ.

For our problem a pivotal quantity is easy to find:
Let F̂ (·|θ) be the cumulative distribution function of θ̂. Thus ς := F̂ (θ̂|θ)
is uniformly distributed on [0; 1] and, therefore, F̂ (θ̂|θ) is a pivotal quantity.
For an observed estimate θ̂0 the fiducial distribution of θ is given as a solution
of the equation F̂ (θ̂0|θ) = ς, i.e. θ = F̂ (θ̂0|·)−1(ς).
Note that θ̂ ∼ F̂ (·|θ)−1(ς) =: θ̂(ς, θ). Since

θ̂(ς,θ) = F̂ (·,θ)−1(ς) = F̂ (·|θ)−1
(
F̂ (θ̂0|θ)

)
= θ̂0,

the fiducial quantity θ = θ(ς; θ̂0) solves the equation

θ̂(ς, ·) = θ̂0. (4)

Note that, intuitively, solving Equation (4) is equivalent to the change from
the theoretical perspective into the undertaking’s perspective: Roughly spo-
ken, solving Equation (4) is equivalent to “inverting the direction of the
arrows” in Figure 1 from θ 7→ θ̂ into θ̂ 7→ θ assuming that the arrows are
parametrized by ς.

Note that there have been numerous criticisms by generations of statisti-
cians of the fiducial approach: Fisher’s arguments were essentially based on
intuition and he was not able to justify that fiducial probabilities are in fact
probabilities in an acceptable sense. Indeed, there are examples where fidu-
cial probabilities do not add or integrate to 1 (for further examples and more
details see [10]). As pointed out in [20], Fisher’s attempts to generalize his
concept to the multiparameter setting were not satisfactory.
In the sequel we introduce a new method based on a slight modification of
Equation (4) which generalizes to the multiparameter setting. Despite the
criticism of Fisher’s concept of fiducial inference we prove the appropriate-
ness of the parameter distribution resulting from our method in the sense of
Definition 2.4 under a special uniformity criterion (see Theorem 4.3). This
uniformity criterion is proved to hold for a wide class of distributions and for
common estimators relevant in practice.
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4.3 The method

Consider a random set of data D = (D1, . . . ,Dn) with distribution function
FD = FD(θ). Recall the notation D = D(ζ, θ) with ζ = (ζ1, . . . , ζn) uni-
formly distributed on [0; 1]n introduced in Notation 1 in Section 1 and let
(d1, . . . , dn) = D(ζ, θ) be a fixed set of data drawn from D.
Moreover, we fix an estimation method S which given the sample (d1, . . . , dn)
determines an estimate θ̂, that is,

S : (d1, . . . , dn) 7→ θ̂ ∈ I ⊂ Rd.

We define a mapping θ̂ : [0; 1]n × I → I by

θ̂(ζ, θ) := S (D(ζ, θ)) . (5)

Given the data D = D(ζ, θ) we get the random estimate

θ̂ = θ̂(ζ, θ) = S(D(ζ, θ)). (6)

Figure 2 illustrates the procedure above leading to Equation (6):

Figure 2: Process of parameter estimation

We start with the unknown parameter θ resp. the random variable X(θ).
A fixed historical observation corresponds to a fixed sample ζ = (ζ1, . . . , ζn)
drawn from ζ. This fixed sample ζ determines the data D = D(ζ, θ). Ap-
plying the estimation method S leads to the estimated parameter θ̂ = θ̂(ζ, θ).

Note that (6) models the estimate as a random variable given the true param-
eter θ, i.e. Equation (6) represents the “theoretical perspective” (cf. Section
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4.1).
Recall Definition 1.2 and the intuitive arguments of Section 4.1: Our goal is
to find a transformation allowing to change from the theoretical perspective
into the economically relevant perspective from the undertaking where the
estimate θ̂0 is fixed and there is uncertainty about the true parameter θ.
Note that from the undertaking’s perspective the uncertainty about the true
parameter θ is due to the fact that the realization of the “historical risk fac-
tor” ζ ∈ [0; 1]n is unknown. Consider Figure 2 resp. Equation (6) above:
Intuitively, if the undertaking knew the realization of the historical risk fac-
tor ζ ∈ [0; 1]n, it would be able to conclude the value of the true parameter
θ from the observed estimate θ̂0. This means that changing into the under-
taking’s perspective is equivalent to the inversion of θ̂(ζ, ·) for every fixed ζ.
More precisely: Given the fixed estimate θ̂0 observed by the undertaking, we
are looking for a solution of the equation

θ̂(ζ, ·) = θ̂0. (7)

Note that Equation (7) is only a slight modification of Equation (4): We
just replace the real number ς ∈ [0; 1], representing a “confidence level” or
a “single risk factor” of the parameter estimate, by the vector ζ ∈ [0; 1]n

representing the n “historical risk factors” determining the sample D of size
n.
Solving (7) for every fixed ζ ∈ [0; 1]n and for every right hand side means
that we have to invert the function hζ : I → I given by

hζ(θ) := θ̂(ζ, θ).

In the sequel we assume that hζ is invertible. Then h−1ζ (θ̂0) is the solution of
(7).
Thus we define the modelled risk by the following two step procedure:

1. For a [0; 1]n uniformly distributed random vector ζ ′ = (ζ ′1, . . . , ζ
′
n) with

distribution function given by the copula C and for a given estimate
θ̂ ∈ I we define

θsim = θsim(ζ ′, θ̂) := h−1
ζ′

(θ̂). (8)

2. Let ξ′ be a [0; 1] uniformly distributed random variable independent of
ζ ′. We write the true risk as X = X(ξ, θ) and the modelled risk as
Y = X(ξ′,θsim) or, more precisely, as

Y (θ̂) := X
(
ξ′, h−1

ζ′

(
θ̂
))

. (9)
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Note that the risk factors ξ′ and ζ ′ generated in the model are independent
of the true risk factors ξ and ζ.
The following simple examples demonstrate the derivation of the parameter
distribution of θsim (cf. (7)) and emphasize the practicability of the method:

Example 4.1. We illustrate the method for two explicit distributions. We
assume that we are in the special case Di = X i where X i are independent
variables with X i ∼ X for i = 1, . . . , n and (X1, . . . ,Xn) is independent of
X.
Let ζ = (ζ1, . . . , ζn) and Xi = Xi(ζi; θ), i = 1 . . . , n, be the observed realiza-
tions of the random variables X i, i = 1, . . . , n.

1. Let X be lognormally distributed with parameter θ = (µ, σ2). For the
maximum likelihood method we have

µ̂ =
1

n

n∑
i=1

lnxi =
1

n

n∑
i=1

lnXi(ζi, θ) =
1

n

n∑
i=1

µ+ σZi(ζi) and

σ̂2 =
1

n

n∑
i=1

(lnxi − µ̂)2 =
1

n

n∑
i=1

(lnXi(ζi, θ)− µ̂)2 =
σ2

n

n∑
i=1

(Zi(ξ)− Z)2

(10)

where Zi(ζi) := F−1Zi
(ζi), i = 1, . . . , n are realizations of the standard

normally distributed random variables Z1, . . . ,Zn. Equation (10) cor-
responds to the general Equation (6).
The function hζ(θ) = hζ(µ, σ

2) is given by the right hand side of (10).
Inverting hζ means that we have to solve the Equation (10) for the true
parameters (µ, σ2). Hence

h−1ζ (µ̂, σ̂2) =

µ̂− σ̂ ·
√
n · Z√∑

(Zi − Z)2
,

σ̂2 · n∑
(Zi − Z)2



where Zi = Zi(ζi) and Z =
∑
Zi
n
.

Thus according to (8):

θsim = (µsim,σ
2
sim) = h−1

ζ′
(µ̂, σ̂2) =

(
µ̂− σ̂ ·

√
n ·Z√
M

, n · σ̂
2

M

)
where Z is normally distributed with mean 0 and standard deviation
1√
n

and M is χ2-distributed both with n− 1 degrees of freedom. Since
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µ̂ and σ̂2 are independent random variables (see [12], p. 214-216), the
random variables Z and M are independent.

2. Let X be a Pareto distributed random variable with parameter θ and
distribution function Fθ(x) = 1 − x−θ for x > 1. For the maximum
likelihood method we have

θ̂ =
n∑

lnXi(ζi, θ)
=

n∑
lnXi(ζi, θ)θ

· θ ∼ n∑
lnZi(ζi)

· θ (11)

where Zi(ζi) = F−11 (ζi) is a realization of a Pareto distributed random
variable with parameter θ = 1. We have to solve the equation hζ(θ) = θ̂
where hζ(θ) is given by the right hand side of (11). The function hζ is
invertible with

h−1ζ (θ̂) =

∑
lnF−11 (ζi)

n
· θ̂.

Thus

θsim = h−1
ζ′

(θ) =

∑
lnF−11 (ζ ′i)

n
· θ̂.

Note that both distributions - the lognormal and the Pareto distribution -
are special cases of transformed location-scale families (see Appendix A.1).

We now introduce an assumption which enables us to prove that the proba-
bility distribution of θsim is appropriate in the sense of Definition 2.4.
Note that FX(X) is a [0; 1] uniformly distributed random variable. In par-
ticular, it is independent of the parameter θ. This motivates the question
whether FY (X) where X is the true risk and Y is the modelled risk is
independent of θ.

Property 4.2. With the notation introduced above we say that the model
satisfies the property of parameter invariance if and only if for all ζ ∈
[0; 1]n, ξ ∈ [0; 1] and θ ∈ I ⊆ Rd

FY (θ̂(ζ,θ))

(
F−1X(θ)(ξ)

)
does not depend on θ.

This property is satisfied for a wide class of distributions and important es-
timation methods used in practice: In Appendix A.2 we prove that Property
4.2 is satisfied if X and the data Di are mutually independent random vari-
ables belonging to transformed location-scale families and if we use one of
the following estimation methods S
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• maximum likelihood estimation,

• percentile matching,

• Bayesian estimation with prior π(µ, σ) = σ−v, v ≥ 0

under reasonable restrictions necessary for the application of these methods.
Moreover, we prove Property 4.2 for location-scale families together with the
method of moments or the unbiased parameter estimation. See Proposition
A.9 in Appendix A.2 for details. In all these cases, the parameter distribution
(µsim,σsim) can be given explicitly (cf. Corollary A.7 in Appendix A.2).
The following theorem shows that under the assumption that the model
satisfies Property 4.2 given above the method introduced in this section is
appropriate in the sense of Definition 2.4:

Satz 4.3. With the notation introduced above we assume that the model
satisfies the property of parameter invariance. Let 0 < α < 1 and for a given
estimate θ̂ ∈ I let

SCR(α; θ̂) := F−1
Y (θ̂)

(α),

where Y (θ̂) is defined by (9). Then

P
(
X ≤ SCR(α; θ̂)

)
= α.

where the random estimate θ̂ is defined by (6).
In other words, the method introduced above resp. the distribution of θsim is
appropriate in the sense of Definition 2.4.

Proof. Let θ̂fix ∈ I be a fixed parameter independent of the observed sample

(e.g. take θ̂ = (µfix, σfix) = (0, 1) for the normal distribution). Let 0 <
ζ, ξ < 1 be arbitrary but fixed, i.e. we first consider all random variables
conditioned upon the event {(ζ, ξ) = (ζ, ξ)}.
We consider the parameter

θ̃ := h−1ζ (θ̂fix). (12)

We have
θ̂(ζ, θ̃) = hζ(h

−1
ζ (θ̂fix)) = θ̂fix. (13)

According to the property of parameter invariance, equations (12) and (13)
and the definition of Y (see Equation (9))

FY (θ̂(ζ,θ)) (X(ξ, θ)) = FY (θ̂(ζ,θ̃))

(
X(ξ, θ̃)

)
= FY (θ̂fix)

(
X(ξ, h−1ζ (θ̂fix))

)
= FX(ξ′,h−1

ζ′ (θ̂fix))

(
X(ξ, h−1ζ (θ̂fix))

)
.
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Substituting ζ und ξ by the uniformly distributed random variable ζ, ξ we
get

FY (θ̂)(X) ∼ FX(ξ′,h−1
ζ′ (θ̂fix))

(
X(ξ, h−1ζ (θ̂fix))

)
.

Since

X(ξ′, h−1
ζ′

(θ̂fix)) ∼ X(ξ, h−1ζ (θ̂fix))

the right hand side is uniformly distributed. The assertion follows:

P
(
X ≤ SCR(α; θ̂)

)
= P (FY (θ̂)(X) ≤ α) = α.

This completes the proof.

We demonstrate our method presenting a simple application to premium risk.

Example 4.4. (Premium risk) Consider the following simple model for the
losses of the undertaking due to the premium risk for some specific line of
business:

X = P · S +K − P.

Assume that the amount of premiums P = 50.000.000 e and the fixed costs
K = 9.000.000 e are known but the expense ratio S is lognormally dis-
tributed with unknown parameters (µ, σ).
For the sample (S1, . . . , S10) = (71%, 84%, 78%, 67%, 70%, 75%, 89%, 68%, 80%, 72%)
of historical expense ratios the undertaking estimates the parameter by the
maximum likelihood method and obtains

(µ̂0, σ̂0) = (−0.2864, 0.0892).

We can write

X = P · exp(µ+ σZ) +K − P = h(µ+ σZ)

with the increasing function h(z) = P ·exp(µ+σz)+K−P and Z ∼ N(0; 1).
Hence X belongs to the transformed location-scale family {h(µ + σZ)|µ ∈
R, σ > 0}. The probability distribution for θsim = (µsim,σsim) is given by
(cf. Appendix A.2, Corollary A.7).

µsim = µ̂0 −
µ̂(Z1, . . . ,Zn)

σ̂(Z1, . . . ,Zn)
· σ̂0,

σsim =
σ̂0

σ̂(Z1, . . . ,Zn)
.
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Since in our example the Zi are N(0; 1)-distributed, we get

µsim ∼ −0.2864− 0.0892 ·
√

10 ·Z√
M

and

σsim ∼
√

10 · 0.0892√
M

,

where Z is normally distributed with mean 0 and standard deviation 1√
10

, M

is χ2-distributed with 9 degrees of freedom and Z and M are independent
(cf. Example 4.1).
The modelled premium risk Y is defined according to (9) as the predictive
distrinution of X with random parameter distribution of µsim, σsim defined
above i.e.

Y = P · S(ξ′;µsim,σsim) +K − P

= 50.000.000 · S(ξ′;−0.2864− 0.0892 ·
√

10 ·Z√
M

,

√
10 · 0.0892√

M
)− 41.000.000

where S(α;µ, σ) = exp(µ+ σ · F−1Z (α)) is the α-quantile of S and ξ′ is [0; 1]
uniformly distributed and independent of µsim and σsim.
By Proposition A.9 in Appendix A.2 the model satisfies Property 4.2. Thus
Theorem 4.3 tells us that the parameter distribution defined above is appro-
priate in the sense of Definition 2.4.
For the given estimate (µ̂0, σ̂0) = (−0.2864, 0.0892) we get a modelled SCR
of F−1Y (0.995) = 10.77 Mio. e . This is significantly higher than the modelled
risk capital without parameter risk F−1X(µ̂,σ̂)(0.995) = 6.25 Mio. e .

4.4 Relationship to confidence intervals

The question about parameter uncertainty from the undertaking’s perspec-
tive closely resembles the question “What can one say about the true pa-
rameter given the value of the estimated parameter?”. This is the typical
question in the context of constructing confidence intervals for an unknown
true parameter. Indeed, in the 1-dimensional case the parameter distribu-
tion according to the fiducial inference method can equivalently be deduced
from the distribution of the bound of a “one-sided left confidence interval”
by assuming the confidence level to be [0; 1] uniformly distributed.
In the sequel we explain the relationship to confidence intervals using our
notation introduced in Subsection 4.3. In particular, we show that in the 1-
dimensional case Fisher’s original fiducial parameter distribution introduced
in Section 4.2 is equal to our parameter distribution introduced in Section
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4.3, Equation (8) .
Let θ, θ̂ ∈ I ⊂ R, where I = R or I = R+. Note that the cumulative
distribution function F̂ (·|θ) of θ̂ = θ̂(ζ, θ) is given by

F̂ (t|θ) = P (θ̂(ζ, θ) ≤ t) = P (hζ(θ) ≤ t). (14)

We make the reasonable assumption that hζ(θ) = θ̂(ζ, θ) is strictly increasing.

According to (14) this is equivalent to F̂ (t|θ) is monotonically decreasing in
θ for all t ∈ R. This is equivalent to fα(·) := F̂−1(α|·) is strictly increasing
in θ for 0 ≤ α ≤ 1. A confidence interval for θ given θ̂ with confidence level
α is given by I(α; θ̂) := [f−1α (θ̂);∞) since

P (θ ∈ I(α, θ̂)) = P (f−1α (θ̂) ≤ θ) = P (θ̂ ≤ F̂−1(α|θ)) = α.

Thus there is an equivalent, alternative definition of the simulated parameter
θsim(θ̂) = h−1ζ (θ̂) using the lower bound of the confidence interval I(α, θ̂):

Proposition 4.5. Let θ̃sim(θ̂) := f−1ς (θ̂) with ς [0; 1] uniformly distributed
and let hζ be strictly increasing. It follows that

θ̃sim(θ̂) ∼ θsim(θ̂).

Moreover, the distribution of θsim is equal to the fiducial distribution defined
in Section 4.2 based on Fishers fiducial argument.

Proof. For all x ∈ I:

P (θ̃sim(θ̂) ≤ x) = P (f−1ς (θ̂) ≤ x)

= P (θ̂ ≤ F̂−1(ς|x)) = P (F̂ (θ̂|x) ≤ ς)
= 1− F̂ (θ̂|x) = P (θ̂ ≤ θ̂(ζ, x))

= P (h−1ζ (θ̂) ≤ x) = P (θsim(θ̂) ≤ x). (15)

By the definition of fα we get F̂−1(ς|f−1ς (θ̂0)) = θ̂0. This implies ς =

F̂ (θ̂0|f−1ς (θ̂0)) resp. θ̃sim ∼ f−1ζ (θ̂0) = F̂−1(θ̂0|·)(ς). Note that F̂−1(θ̂0|·)(ς)
describes Fisher’s fiducial distribution (cf. Section 4.2). Since θsim ∼ θ̃sim,
the proof is complete.

The implication for practical applications: As soon as we can construct con-

fidence intervals I(α; θ̂) = [B(α; θ̂);∞) with P
(
θ ∈ I(α, θ̂)

)
= α we can use

the lower bound B(·, θ̂) to simulate θsim by setting θsim(θ̂) := B(ς; θ̂).
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Example 4.6. Let X be exponentially distributed with density function
given by f(x) = λ exp(−λx). Then an exact (1 − α)-confidence interval for

λ is given by
[
χ2
2n(α)

2nx
,∞
)

where χ2
2n is the α-quantile of the χ2-distribution

with 2n degrees of freedom. Hence by Proposition 4.5

λsim ∼
S

2nx

where S follows a χ2
2n distribution.

The following corollary gives an alternative definition for the distribution of
the parameter θsim introduced in Subsection 4.3.

Corollary 4.7. Let F̂ (·|θ) be the distribution function of the estimate θ̂
given the true parameter θ. We assume that fα(·) resp. θ̂(ζ, ·) is strictly
increasing in θ and continuously invertible for all 0 < α < 1 resp. for
all ζ. Furthermore, let Fθsim be the distribution function of the simulated

parameter θsim = θsim(θ̂0). It follows that

Fθsim(x) = 1− F̂ (θ̂0|x).

Proof. The assertion follows from (15).

5 Illustration of the impact on risk capital

calculation

Consider a sample of size n = 10 drawn from a lognormally distributed loss
variable X:

{150.01, 152.33, 120.47, 131.87, 139.07, 157.97, 128.37, 122.89, 166.47, 133.18}.

The true parameters (µ, σ) are unknown to the undertaking. It estimates
the parameters of the distribution using the maximum likelihood method
and finds (µ̂, σ̂) = (4.94, 0.10). We derive the following values:

Risk capital
without with with with the

parameter risk non-parametric parametric fiducial
bootstrapping bootstrapping inference approach

182.65 184.25 187.24 203.06

26



Let us increase the volatility of the sample. We now consider the slightly
modified sample given by

{150.01, 182.10, 120.47, 211.50, 139.07, 157.97, 199.35, 122.89, 166.47, 133.18}.

In this case the undertaking gets (µ̂, σ̂) = (5.04, 0.19). The results are given
as follows:

Risk capital
without with n with with the

parameter risk non-parametric parametric fiducial
bootstrapping bootstrapping inference approach

250.93 256.06 263.19 302.90

Note that by Theorem 4.3, the risk capital using the fiducial inference is
the solvency capital required to satisfy Definition 1.1 resp. Definition 2.4.
Hence, the risk capital without the consideration of parameter risk and the
risk capital generated using bootstrapping both underestimate the capital
requirement significantly.

6 Summary and Outlook

This contribution deals with parameter uncertainty in risk capital calculation.
After introducing a criterion known from the theory of predictive inference
which allows to assess the methods used for risk capital calculations, we
discussed the approaches previously proposed in the literature. In particular,
we showed that the popular and widely used bootstrapping approach is not
satisfactory.
We then proposed a new method to model the parameter uncertainty which
has the following advantages:

• It measures the parameter uncertainty from the undertaking’s perspec-
tive, i.e. it models the uncertainty about the true parameter given an
estimate based on historical data.

• Our method does not require the specification of an a priori distribu-
tion.

• We introduced a sufficient condition (Property 4.2) under which the
method appropriately models the parameter risk in the following sense:
Taking into account the randomness of the historical data, the (ran-
dom) Value at Risk (SCR) for the confidence level α, which is modelled
based on the random historical data, will not be exceeded by the loss
of the next year with a probability exactly equal to α.
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• We proved Property 4.2 for transformed location-scale families together
with a number of estimation methods including the maximum likeli-
hood method.

• Under these assumptions our method is easy to apply in practice. The
parameter distribution can be obtained by a simple Monte Carlo sim-
ulation (see Corollary A.7).

• Our method describes the economic risk of the undertaking, in other
words the required amount of own funds, taking into account parameter
uncertainty resulting from the randomness of historical data.

Our idea is not restricted to non-life insurance but can be applied to any kind
of risk capital calculations where parameter uncertainty cannot be neglected.
Some questions are left open for future research, e.g.

• If Equation (7) can not be solved analytically, we need an efficient
numerical algorithm to solve the equation.

• We require that hζ is invertible. Can this assumption be weakened resp.
is there a method which works if hζ is not invertible?
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A Appendix

In this section we prove Property 4.2 for a wide class of distributions. More
precisely, we prove Property 4.2 for distribution families which are a member
of the class of one- or two-parameter transformed location-scale families and
for the maximum likelihood estimation method, the Bayesian estimation with
prior of the form π(µ, σ) = σ−v, v ≥ 0 and the percentile matching estimation
method. For location-scale families we additionally prove Property 4.2 for
the method of moments and the unbiased parameter estimation.

A.1 Transformed location-scale families

Let us recall the definition of a transformed location-scale family (cf. [19],
Section 5.2).
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Definition A.1. A family FLS =
{
X(θ)|θ ∈ I ⊂ Rd

}
of univariate probabil-

ity distributions is called a location-scale family if for every X(θ1) ∈ FLS
and X2(θ2) ∈ FLS we can write X2

d
= aX1 + b for some a, b ∈ R with a > 0.

Remark A.2. 1. Let Z be an arbitrary random variable. Then we can
construct a location-scale family by

{µ+ σZ : µ, σ ∈ R, σ > 0}.

We can assume that every location-scale family FLS is given by random
variables of the form µ+ σZ.

2. If we have given a location-scale family we can choose a particular
element F ∈ FLS and call this the “standard distribution” of the family

FLS. For every X we can write X
d
=µ + σZ with Z ∼ F and σ > 0.

We write X ∼ F (·;µ, σ) with F (x;µ, σ) = F (x−µ
σ

). Note that Z ∼
F (·; 0, 1).
We can assume that Z has mean EZ = 0 and variance VarZ = 1.

3. Examples of two-parameter location-scale families are the normal dis-
tribution or the t-distribution. Both the exponential distribution and
the Gamma distribution with known shape parameter are examples of
one-parameter scale families.

Definition A.3. Let FLS be a location-scale family. A set FhLS =
{
X(θ)|θ ∈ I ⊂ Rd

}
of univariate probability distributions is called a transformed location-
scale family if there exists a strictly increasing function h such that for any
X ∈ FhLS we have h−1(X) ∈ FLS.

Remark A.4. 1. For a random variable X from a transformed location-
scale family we haveX ∼ F (·;µ, σ;h) where F (x;µ, σ;h) = F

(
h−1(x)−µ

σ

)
.

2. Examples of transformed location-scale families are the lognormal dis-
tribution, the Pareto distribution, the log-t-distribution, the log-logistic
distribution, the log-Laplace distribution, the Weilbull distribution and
the Gumbel distribution (cf. eg. [11], Table II).

A.2 Property 4.2 for transformed location-scale fami-
lies

Additionally to the maximum likelihood method (MLE) we consider the fol-
lowing estimation methods:
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Percentile matching (PE)

Let x1, . . . , xn be a sample of independent realizations drawn from X(θ) and
let x(1) ≤ . . . ≤ x(n) be the order statistics from the sample. A smoothed
empirical p-quantile can be defined by (cf. [13])

π̂(p) := (1− λ)x(j) + λx(j + 1), j = [(n+ 1)p], λ = (n+ 1)p− j.

Choosing quantiles p1, . . . , pd a percentile matching estimate θ̂ ∈ Rd is a
solution of the equations

F−1
X(θ̂)

(pk) = π̂(pk), k = 1, . . . , d.

For the sake of simplicity but without loss of generality, we choose the per-
centiles in the form pk = mk

n+1
,mk ∈ N such that π̂(pk) = x(mk).

Note that the PE does not make sense in the general setting where the data
D1(θ), . . . ,Dn(θ) may have distributions different from the distribution of
X. Therefore, we assume that D1(θ) = X1, . . . ,Dn(θ) = Xn are indepen-
dent, identically distributed realizations of X if PE is used as the estimation
method.

Bayesian estimation

The parameter is estimated as the mean of the posterior distribution, i.e.

θ̂ =

∫
θ · π(θ|d)dθ.

The posterior distribution given the sample d = (d1, . . . , dn) drawn from
D(θ) = (D1(θ), . . . ,Dn(θ)) is given by

π(θ|d) =
f(d|θ)π(θ)∫
f(d|θ)π(θ)dθ

with the joint probability density function f(·, θ) of D(θ) and the prior dis-
tribution π.

The method of moments and the unbiased parameter estimation
for location-scale families

Consider the independent random variables D1(θ), . . . ,Dn(θ) belonging to
(possible different) location-scale families Ii := {µ + σZi|µ ∈ R, σ > 0}, Zi

independent of (µ, σ) but with the same parameter θ = (µ, σ). Without loss

30



of generality we assume that EZi = 0 and VarZi = 1.
Let d = (d1, . . . , dn) be a sample drawn from (D1(θ), . . . ,Dn(θ)). The
method of moments estimates the parameters µ and σ by

µ̂ =
1

n

n∑
i=1

di = d and σ̂2 =
1

n

n∑
i=1

(
di − d

)2
.

Additionally, we define the unbiased parameter estimation by

µ̂ =
1

n

n∑
i=1

di = d and σ̂2 =
1

n− 1

n∑
i=1

(
di − d

)2
.

Note that in this case σ̂2 is the sample variance.

Lemma A.5. a) The MLE is invariant under differentiable increasing
transformations, i.e. let d1, . . . , dn be drawn from independent random
variables D1(θ), . . . ,Dn(θ) corresponding to parametric distribution
families Ii := {Di(θ)|θ ∈ I ⊂ Rd}, i = 1 . . . , n. Let S(d1, . . . , dn) be
the corresponding MLE. For differentiable increasing functions hi con-
sider the transformed date d∗i = hi(di) and the transformed distribution
families I∗i := {hi(D(θ))|θ ∈ I ⊂ Rd}, i = 1, . . . , n. Let S∗(d∗1, . . . , d

∗
n)

be the corresponding MLE. Then

S∗(d∗1, . . . , d
∗
n) = S(d1, . . . , dn).

b) Let D∗(ζ, θ) = D∗((ζ1, . . . , ζn), θ) := (h1(D1(ζ1, θ)), . . . , hn(Dn(ζn, θ))).
Under the assumption of a) let hζ(θ) := S (D(ζ, θ)) resp. h∗ζ(θ) :=

S∗ (D∗(ζ, θ)). Then the fiducial parameters θsim := h−1ζ (θ̂0) resp.

θ∗sim := h∗−1ζ (θ̂0) are equal, that is, θ∗sim = θsim.

c) For independent random variables D1(θ), . . . ,Dn(θ) belonging to (pos-
sible different) location-scale families Ii := {µ + σZi|µ ∈ R, σ > 0},
Zi independent of (µ, σ) but with the same parameter θ = (µ, σ). Let
d1, . . . , dn be a sample drawn from D1, . . . ,Dn. Let (µ̂, σ̂) be the MLE
of (µ, σ). It follows that

µ̂(a+ b · d1, . . . , a+ b · dn) = a+ b · µ̂(d1, . . . , dn),

σ̂(a+ b · d1, . . . , a+ b · dn) = b · σ̂(d1, . . . , dn).

The assertions a)-b) of the Lemma hold true for the Bayesian estimate. The
assertion c) of the Lemma is true for the Bayesian estimate if we choose the
prior to be of the form π(µ, σ) = σ−v, v ≥ 0.
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Under the additional assumptions that D1(θ) = X1, . . . ,Dn(θ) = Xn are
i.i.d. realizations of X and that h = h1 = . . . = hn the assertions a)-c) of
the Lemma hold also if the PE is used as the estimation method.
Moreover, assertion c) is true for the method of moments and the unbiased
parameter estimation as described above.

Remark A.6. Note that the differentiability assumption on the transforma-
tions in Lemma A.5 can be dropped for PE.

Proof. First note that a) implies h∗ζ(θ) = hζ(θ). Hence b) follows from a).
Therefore, it remains to prove a) and c):
Let us first consider the maximum likelihood method. In this case:

a) is Lemma 1 (i) in [11], Appendix A.1.

c) is Lemma 3 in [11], Appendix A.1.

For the Bayesian estimate:

a) is Lemma 1 (ii) in [11], Appendix A.1.

c) By Lemma 4 in [11], Appendix A.1

π(µ, σ|a+ b · d) =
1

b2
· π
(
µ− a
b

,
σ

b
|d
)

for all a, b ∈ R, b > 0. Thus

µ̂(a+ b · d) =

∫
µ · π(µ, σ|a+ b · d)d(µ, σ) =

∫
µ · 1

b2
π

(
µ− a
b

,
σ

b
|d
)
d(µ, σ)

=

∫
(a+ b · µ) · π(µ, σ|d)d(µ, σ) = a+ b · µ̂(d)

and

σ̂(a+ b · d) =

∫
σ · π(µ, σ|a+ b · d)d(µ, σ) =

∫
σ · 1

b2
π

(
µ− a
b

,
σ

b
|d
)
d(µ, σ)

=

∫
b · σ · π(µ, σ|d)d(µ, σ) = b · σ̂(d).

We now consider the PE:

a) Follows from the equivalence of F−1h(X(θ))(pk) = h(x(mk)) and F−1X(θ)(pk) =

x(mk).
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c) Setting x∗i = a+ bxi the assertion follows from the equation

F−1a+bµ̂(x1,...,xn)+bσ̂(x1,...,xn)Z
(pk) = a+ bF−1µ̂(x1,...,xn)+σ̂(x1,...,xn)Z

(pk)

= a+ bx(mk) = x∗(mk).

For the method of moments c) follows from the fact that a+ bd = a+bd where
d resp. a+ bd denotes the sample mean of d1, . . . , dn resp. a+bd1, . . . , a+bdn
and

σ̂2(a+ bd) =
1

n

n∑
i=1

(
(a+ bdi)− a+ bd

)2
=
b2

n

n∑
i=1

(
di − d

)2
= b2 · σ̂2.

The proof for the unbiased parameter estimation is analogous.

Corollary A.7. Let the data D1(θ), . . . ,Dn(θ), θ = (µ, σ), be indepen-
dent random variables belonging to transformed location-scale families. Set
IhiDi

:= {hi(µ+ σZi)|µ ∈ R, σ > 0} for i = 1, . . . , n for (sufficiently smooth)
increasing functions h1, . . . , hn and Zi random variables independent of θ =
(µ, σ).
Consider the estimation methods S

• MLE,

• PE,

• Bayesian estimation with prior π(µ, σ) = σ−v, v ≥ 0

under the canonical restrictions mentioned in Lemma A.5 necessary for the
application of the respective estimation method.
Then the parameter distribution according to the fiducial approach described
in Section 4.3 is explicitly given by

µsim = µ̂0 −
µ̂(Z1, . . . ,Zn)

σ̂(Z1, . . . ,Zn)
· σ̂0,

σsim =
σ̂0

σ̂(Z1, . . . ,Zn)

where θ̂0 = (µ̂0, σ̂0) is the estimate for a given observation (d1, . . . , dn) and
µ̂(Z1, . . . ,Zn) resp. σ̂(Z1, . . . ,Zn)) are the random estimates for the random
vector (Z1, . . . ,Zn) according the chosen estimation method S.
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In particular, the function hζ(θ) := S(D(ζ, θ)) introduced in Setion 4.3 is
invertible.
The assertion of the corollary also holds for location-scale families if we use
the method of moments or the unbiased parameter estimation.

Proof. Since by Lemma A.5 a), b) the transformations hi do neither affect
the estimate, nor the function hζ , nor the fiducial parameter (µsim,σsim), it
is sufficient to prove the assertion for location-scale families.
We use the notation Di(ζi, θ) = µ + σZi, Zi = Zi(ζi) = F−1Zi

(ζi) for ζ =
(ζ1, . . . , ζn) uniformly distributed on [0; 1]n with independent components.
It follows from Lemma A.5 c) that

hζ(µ, σ) := S (D(ζ), (µ, σ))) = (µ+ σµ̂ (Z1(ζ1), . . . , Zn(ζn)), σσ̂(Z1(ζ1), . . . , Zn(ζn)))

for fixed ζ = (ζ1, . . . , ζn) ∈ [0; 1]n.
Its inverse is given by

h−1ζ ((µ̂0, σ̂0)) =

(
µ̂0 −

µ̂(Z1, . . . ,Zn)

σ̂(Z1, . . . ,Zn)
· σ̂0,

σ̂0
σ̂(Z1, . . . ,Zn)

)
.

This yields the assertion since by definition (µsim,σsim) = h−1ζ ((µ̂0, σ̂0)) for
ζ = (ζ1, . . . , ζn) uniformly distributed on [0; 1]n.

Proposition A.8. The model introduced in Subsection 4.3 is parameter in-
variant in the sense of Property 4.2 for location-scale families if the MLE ,
the Bayesian estimation with prior π(µ, σ) = σ−v, v ≥ 0 or the method of
moment is used for parameter estimation.
More precisely, let X(θ) and the data D1(θ), . . . ,Dn(θ), θ = (µ, σ), be
independent random variables belonging to location-scale families IX resp.
ID1 , . . . ,IDn and use MLE, the Bayesian estimate with prior π(µ, σ) = σ−v,
v ≥ 0, the method of moments or the unbiased parameter estimation. Let
Y (θ̂(ζ, θ)) be the modelled risk according to the fiducial approach (cf. Equa-
tion 9). Then for all ξ ∈ [0; 1], ζ ∈ [0; 1]n

FY (θ̂(ζ,θ))

(
F−1X(θ)(ξ)

)
is independent of θ. (16)

Under the additional assumption that D1(θ) = X1, . . . ,Dn(θ) = Xn are
i.i.d. realizations of X and h = h1 = . . . = hn the assertion holds also for
the estimation method PE.

Proof. Let X(µ, σ) = µ + σZ and Di(µ, σ) = µ + σZi with independent
random variables Z ∼ FZ , Z1, . . . ,Zn not depending on (µ, σ).
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We get

FY (θ̂(ζ,µ,σ))

(
F−1X(µ,σ)(ξ)

)
= Eµsim,σsim

[
FX(µsim,σsim)

(
F−1X(µ,σ)(ξ)

)]
= Eµsim,σsim

[
FZ

(
F−1X(µ,σ)(ξ)− µsim

σsim

)]

= Eµsim,σsim

[
FZ

(
µ− µsim
σsim

+
σ

σsim
F−1Z (ξ)

)]
.

(17)

(18)

Let µ̂0 := µ̂(d1, . . . , dn) and σ̂0 := σ̂(d1, . . . , dn) be the estimates of µ resp. σ
based on the observed data di = hi(µ + σzi), i = 1, . . . , n. From Corollary
A.7 and Lemma A.5 it follows that

σ

σsim
= σ · σ̂(Z1, . . . ,Zn)

σ̂0
= σ · σ̂(Z1, . . . ,Zn)

σσ̂(z1, . . . , zn)
=
σ̂(Z1, . . . ,Zn)

σ̂(z1, . . . , zn)

and

µ− µsim
σsim

=
µ− µ̂0

σ
· σ

σsim
+
µ̂0 − µsim
σsim

= µ̂(z1, . . . , zn) · σ

σsim
+ µ̂(Z1, . . . ,Zn)

is independent of (µ, σ). This completes the proof.

Proposition A.9. The model introduced in Subsection 4.3 is parameter in-
variant in the sense of Property 4.2 for increasing transformations of location-
scale families if the MLE or the Bayesian estimation with prior π(µ, σ) = σ−v,
v ≥ 0 is used for parameter estimation.
More precisely: Let the random variableX(θ) and the dataD1(θ), . . . ,Dn(θ),
θ = (µ, σ), be independent random variables belonging to location-scale fam-
ilies IX resp. ID1 , . . . ,IDn .
For an invertible function h and differentiable, increasing functions h1, . . . , hn
consider the transformed random variables X∗(θ) = h(X(θ)) and D∗1(θ) =
h1(D1(θ)),. . . ,D

∗
n(θ) = hn(Dn(θ)).

Let Y ∗(θ̂∗(ζ, θ)) be the modelled risk according to the fiducial approach (cf.
Equation 9) corresponding to both the respective transformed location-scale
families of X∗,D∗1, . . . ,D

∗
n and the MLE or the Bayesian estimate with prior

π(µ, σ) = σ−v, v ≥ 0 as estimation method.
Then for all ξ ∈ [0; 1], ζ ∈ [0; 1]n

FY (θ̂(ζ,θ))

(
F−1X(θ)(ξ)

)
is independent of θ. (19)
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Under the additional assumption that D1(θ) = X1, . . . ,Dn(θ) = Xn are
i.i.d. realizations of X and h = h1 = . . . = hn the assertion holds also for
the estimation method PE.

Proof. Lemma A.5 b) yields that

Y ∗ = X∗(ξ,θ∗sim) = X∗(ξ,θsim) = h(X(ξ,θsim)) = h(Y )

for ξ ∈ [0; 1] uniformly distributed. Note that by Lemma A.5 a) θ̂∗(ζ, θ) =
θ̂(ζ, θ) for fixed ξ ∈ [0; 1] and ζ ∈ [0; 1]n.
Thus

FY ∗(θ̂∗(ζ,θ)) (X∗(ξ, θ)) = FY (θ̂(ζ,θ))

(
h−1 ◦X∗(ξ, θ)

)
= FY (θ̂(ζ,θ))

(
h−1 ◦ h ◦X(ξ, θ)

)
= FY (θ̂(ζ,θ))(X(ξ, θ)).

The assertion follows from Proposition A.8.

B Independence of the bootstrapping failure

probability for transformed location-scale

families

In this section we prove that, given a random variable X which belongs to a
transformed location-scale family, the probability P (X ≤ SCR(α;X1, . . . ,Xn;M))
does not depend on (µ, σ) if the estimation method S is the maximum likeli-
hood method and M is either non-parametric or parametric bootstrapping.
Throughout this section let {µ + σZ : µ, σ ∈ R, σ > 0} be a location-scale
family and let S be the maximum likelihood method. Let {µ+ σZ1, . . . , µ+
σZn} be a fixed sample drawn from µ+ σZ. Bootstrapping generates a ran-
dom sampleX∗1 = µ+σZ∗1, . . . ,X

∗
n = µ+σZ∗n from {X1 = µ+σZ1, . . . , Xn =

µ+ σZn}. This sample leads to parameters (µ∗,σ∗).

Lemma B.1. Let (µ∗,σ∗) be the (random) parameters obtained by boot-
strapping. Then µ−µ∗

σ∗
and σ

σ∗
are independent of (µ, σ).

Proof. 1. For non-parametric bootstrapping we get

µ∗ =

∑
X∗i
n

=

∑
(µ+ σZ∗i )

n
= µ+ σ ·

∑
Z∗i
n

σ∗2 =
1

n

∑
(X∗i − µ∗)2 =

1

n

∑
(µ− µ∗ + σZ∗i )

2

=
σ

n

∑(∑
Z∗i
n
−Z∗i

)2

.
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It follows that
σ2

σ∗2
=

n∑(∑
Z∗i
n
−Z∗i

)2
and

µ∗ − µ
σ∗

=
µ∗ − µ
σ

· σ
σ∗

=

∑
Z∗i
n
· σ
σ∗

are independent of (µ, σ).

2. For parametric bootstrapping X∗i are independent random variables
with distribution equal to X(µ̂, σ̂). We get that

σ2

σ∗2
=
σ2

σ̂2
· σ̂

2

σ∗2
=

σ2

1
n

∑
(Xi −X)2

· σ̂2

1
n

∑
(X∗i −X∗i )2

=
σ2

σ2

n

∑
(Zi − Z)2

· σ̂2

1
n

∑(
µ̂+ σ̂Z∗i − (µ̂+ σ̂

∑
Zi
n

)
)2

=
n∑

(Zi − Z)2
· n∑(

Z∗i −
∑
Zi
n

)
)2

and

µ∗ − µ
σ∗

=
µ∗ − µ̂
σ̂

· σ̂
σ∗

+
µ̂− µ
σ
· σ
σ∗

=
1
n

∑
(µ̂+ σ̂Z∗i )− µ̂

σ̂
· σ̂
σ∗

+
1
n

∑
(µ+ σZi)− µ

σ
· σ
σ∗

=
1

n

∑
Z∗i

σ̂

σ∗
+

1

n

σ

σ∗

∑
Zi,

are both independent of (µ, σ).

Proposition B.2. Let {X(θ) : θ = (µ, σ) ∈ R2, σ > 0} be a transformed
location-scale family and let S be the maximum likelihood method. For a
fixed parameter θ, consider a fixed set of data X1(ζ1, θ), . . . , Xn(ζn, θ) and let
Y (ζ, θ) be the random variable defined by the bootstrapping approach, that
is, Y (ζ, θ) = X(θ∗) where θ∗ = (µ∗,σ∗) is obtained using either parametric
or non-parametric bootstrapping.
Then

FY (ζ,θ) (X(ξ, θ))

does not depend on θ.
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Proof. The proof is analogous to the proof of Proposition A.7 and Proposition
A.8 above. In this case we consider

FY (ζ,θ)

(
F−1X(θ)(ξ)

)
= Eµ∗,σ∗

[
FZ

(
µ− µ∗

σ∗
+

σ

σ∗
F−1Z (ξ)

)]
and apply Lemma B.1.

Corollary B.3. ?? With the assumptions of the Proposition B.2 we have

P (X(θ) ≤ SCR(α;X1(θ), . . . ,Xn(θ);M))

does not depend on θ if M is either parametric or non-parametric bootstrap-
ping.

Proof. Using Proposition B.2 the assertion follows from

P (X(θ) ≤ SCR(α;X1(θ), . . . ,Xn(θ);M)) = P
(
X(ξ, θ) ≤ F−1Y (ζ,θ)(α)

)
= P

(
FY (ζ,θ)(X(ξ, θ)) ≤ α

)
=

∫ 1

0

∫
[0;1]n

1{FY (ζ,θ)(X(ξ,θ))≤α}dζdξ.
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